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BroabcasTing on Bounoep Deree DAGis @ [Makur-Mossel- Rlyanskiy 2018]
* Broaalcas-ﬁnq on Tr‘ees:
o bng line O‘F work : [8|¢}>er-RWE’Zagrebnw I995_] [Ewans Kengoh-%res—&bnlmn ZOOCﬂ
ﬂaﬁst’m’fah sics L" brbadcas-bna L’”‘a” 1
l'csuft -Br Y far trees m; +rees extensions

* APP,"“"HO”S' Pl‘alﬂaem’:ﬁc reconstruction, vandom constraint sabishiction preblems, ctz.
e Model & Neotation: (sump'e case oF [EKPS 2000])
We are 3mgn an infinite d—avy, bree. Let X".l = node at the J‘H‘l Pos;'t‘;;oh in level k,

leel © Xoo Lo =1 ’-k = no. of nodes at lewel k,
d l:thl'E‘.n

L, =d Xk 3 (X"or")xk,lk-l) (I:e. d" nodes at leve' k)
2

level 1
Lz‘d.: Each Xk s @ Bernoulli random variable.
Each ealge, is an mdeeeng(enb Bgc(g) with 0<5<2

wp 1—28 [(o 'ﬂ] X wp -3
levelk ¥4d ¥ ... 5 %% Y Lg=d® X s>y = fﬁer&) wp 28 [‘:d bit] {'”X w!; 3

%o XaKg - Xl Let XOo"’Ber(—") This defines Jomf distribution of {xl: k20,0 ‘J<L“}

Bmadca"h"‘i Querbon Can we decode X From X as k->oa?
X°~8e"("“) _—’ Xo=l: &ul"a | } m Ve ML decoder for min. P"bb ofervor,

T xso:B UK i they ML docsder
1 . Ml( k) : = broad‘msf:/me:ons"ﬁfuczhcm POSSI.HC d ']_:rﬁu__\h_o_r._ "
. ] -25) is the contr

T (P Tair) ) T G245 b B2 B 000 2) <. | ] i

DI fi%)fd_i'.r then lim UL (%) 2 %) = o is the “epetertion ode”

S‘)Z Py = . . b) fackor o
= Huctien mpossibie e Competition between
c-——-.—_.."ﬁmI B reshild broadeast/reconstruc P ] &eu;\g 'F)TCZS

* Obsenation: IF </, ther broadcast ;mpossible. S, # L sub—ex'oonen‘hh?, then bwadcast s impossible.
Can we have boadast with SUL'eX/’O”e”'HaI be ¢

* Existence of DAGrs where Brbaclcash'ng is Pssible:

° Moa(gl: (Same nobu‘ﬁon as beﬁ)re)
We have an infinite DAG with a single sourcelrooct nede in ‘bl)o[oﬂiaa’ omlerfn%.

t::ldio N Lo As before X ~Bernoulli and Yoo ~Ber (%), and each edje is an independent
oz o bk BSCE) wibh 055 <y
g Lo modes let d= no. of ;ﬂwm;ng cdges ot each —
level 3 K¥; L3 nodes Lhounded ‘"degme e
: %:"z:r’bﬁ‘l;c{ﬁ;:;s Inputs at each node are combined us'mg _g_ogl_ean P'mces;mg nebons .
levelk o o om0 00 [ odes Question: The processing firctions allows information fusion. How small
Xio Yot Mz ... X fuot nede s His o, B L ?

. Imposmb Ha_ of Reconstruction;

_&_”g IF Lk< _’ a__l_(k then lim UD(QSL(XK);éX. =L rdless of eur choice of processin functions.
So, the best Lir. we can hope for is L 2 C(Gs,d)logk) or some constant C(5,d).
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Prooft:  Let A, = {a” dlye ea%e.s from level k-l bo lewel k 3eneml7¢ ?no‘epende.rrl: brbs}
{Ak}k?, are mwbua"ta indepenclent; and () =(ZS)°‘1"‘.
Lelg® o oL
ey (3) -
> S Z LE =
kz! kz) 0 _
So, l,% Borel- Cantelli lemma, {Ak}ka‘ occur 1.0, (i‘e. n’(ﬂgf‘k) . |) almost Suvcly. e e SRl B
Ohce an Ak OCCUrS, a" subsevucvrb leve's qare MJCfeﬂden‘f aF Xo and 'Hte Pnb. o‘F evyror in m.a —z . m

bilistic method.

e Random DAG Model:
proba

We prove. existence of DAQ)_S where I,rmdms'b s posslble for i‘k? qs,d)ﬁ(k) usina

pAG | Fix LoyLy,La,... , te. the no. of nodes ot each level, and d.
Medel | For each node X, select d parents in level k-l r'nd.epenc‘en'H& and _uniformly
This defines a random DAG Gi. — This is s‘bm‘cflsla speala'ng a muhkiam/;h.
Let a,"-_e ‘i’f)ﬁ‘j be +he rrofor'h‘an F 2s in level k. y
= .
fou: ke N} forms a Markov chain , and of is a _ngﬁ‘cien'E statishic of X for per'-rorming, wference aboub G .
N Lv;['_"_{ym ovder of X*"] in X does nob matber.
o Some onstant existz
o Thm: Let d=3, all processing functions be ma"c_:r'r_\'.a:, and Li3 C(S)loa(k)-
) TF Ocs< g » then lmsup (MR35} 20) < b (S broadeast possible with ML decocter)

majority decoder

P - ¢ a G — o
? I‘Fté’_,<8<2 then I!l-':oo' g‘:-_.%_‘,"l_wzo. (-'=} F(O-'M’i(g;‘)i{x)z é—([ “%E PD'UI"N)‘*‘% s
Sl Wivetle t i.e. broadcast }mFOSSIB[e
B

Rk 2 holds Hor L,‘w(( - "‘).

« Trbibion: 3(1-29) : ))
. = " ;l'd - Y ? Be 0’*3 .
G'm;'-"" 7y Xg# MJ(B”(O‘*SL’E: @:fl{s rﬁ ok = o(F8) +5(1-0)
S’ ﬂ’(xkj-r.llmn-.:a') = (G‘t5)3+_ 3(0_*5)2.0__ 0_*5) ,_A: 36{0—) - cubic Po’\d ing”
ince -LkO'komomial(Lk,gs(a}) |ow =0, [E[b;la.k_',o,] = 95(0).
EJr {arae k, 31'.;?-"' Gpy =0, oL % EIOE]q;__,:g-] :35(0-).

Fixed point analysis:

(wk,\ Mpe'Eﬁo")-

Biics=o

m N "

0Cd 1. ! v ol ; 5:0'
se: 8< ¢ (3 fixed fﬂwﬁ) Case: 534 (I fined foi"*)
We require concentrotion iqmli-kes o r:‘gorlzc this intuition.
¢ Proof of Fack 2: ( s
3 £>«L 'EU'E. starbed ot g, =1
6) ¥ star %= sharbed at 0o =) (Mo'hvian r,-:mflﬁnz

First oo ; X

"; :Ffo;lws-{:r:c;;go: ne coupling of {OL*:I&GN} and {o;_"..ké“} S, eie Yo -[(a;,",a';):kehl} st G'> OV as. Vk.
o~ < Pt #0y) = Plot -0 > L a
{0 0 405) = (a3 ) ¢ o] ki

b o 35 4. arkov L, TR —c
B[~ o] = ] Elow - 0w |4, o] = E[gloe) - oor)] < $-25) B[ ot~ 0 | % ;3('*23))“‘1{"5* -] =(%<“25")h
e il 2|

= M- Gl < LeEfat- o)< Lu(%(:—zsj‘)aifb whe:;r'l:n:??g-;%;;si)s? : 2

]
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« Remarks:
@® Von Neumann Model of S'br'ing a Bi: E/onNéumnn l956] (cF- [Hajek- Weller |99|J)
Balanced ternary tree with k layers of 3-input majerity gabes.

gk iﬂpq‘!;! which are dll donesé:l'npul' bit Yo ‘
leul o 1] ? EI'A (I‘-t- des are nolsa’)
BSC(S) at the 9
AT [tip [« 3ala have
= Edges pevfect
MAT

- Fea Li inde ndent
l!\‘d k 4 O‘th“t bk Pu.| P'l } ’IPllbs tn Pe
Consider a single nois mqjor'rlﬁ az:?:
: e
Let R= P"’b. ervor Le; v‘?iului aj: ?ﬂ?u‘b)
fi = § + (-25)(38% - 2R3)
genembe copy  prob. ableast 2 inputs

recuss; wrong B, of MAT are wro
ol ey (el s ot mpit. She supfesed
o be egudf _

inBsc g
P=0 /‘“Ha mfosrhoh
(+] (k)
DeFin¢ 'V\5<‘K.) =3+ (D—ZS)(37L7-- 2%3) e 1116"7 Pk = hs (O)- Lsmﬁe Pass’nb\q
Fixeol Point Analysis: A
—_— R Y Hence» #5(&.,4“1&1 L‘_""wﬂe.‘('z,
hsGe> hg (9 & § 525> then [im f =L

{ r

E,b < impossible
e

iiiv-ﬁ ;
o .4 0 H

2
' 1
Case: 5<% (3 fiwed points) Case: § %% (14nad point)

T THRESHOLD & i the SAME |

©) Com_mris:ou 4o our model:

¢Je have noise on nge,s, not verbiees .‘b
e We veed concentration of measure on top

oF the fixed p0;n’!7 analoa_sis.
ndom DAG wodel
@ Q&‘_Gjﬁﬁﬂﬂi ™" d=3 and Lk-'—‘ o(’ﬁ%(k))',{mremnsbrucﬁon s imPoSs}Hg Jor gl d\oicesf Roclean
processing funcbions when 5>%—. (Eguiua{eﬁyg, majortky processing funcions are “ ptimal. )

@ Evans-Schulman Estimate: [Evans-Schulman 1999] For deberministic DAGs, T(%;X) < Lk@-ZSJ’df.
: [ ‘ i
Hence, # Li= offizz)’) and (~257d <1, then fim I(&,xk)_oﬁj;; Jim (16 ~B3, lhy = ©.

This means 6‘25)7-3<| (@ 5>’é’"-2|"-3-=0-2”---) implies thot reconstruction s imfo,ss',lple for all

deterministic DAGs for any choice of FroceSSina functions,
‘—>as well as m'NS{om DA%‘!S '
/dzbcrmimsh'c .
o Cor: (Existence) For any $< > there exists a DAG with d=3 , L= O(loﬂ(k)) , and maJ'orrbd.

pr‘ﬂuss;na, *ﬁm ctions such ’H'\ab‘ l!'_::o HQ:L(XK) * Xo) < 'é_'
ML decodexr

Proof:  Fix d=3, L. = O(log(k)), and <4 -
From theorem, J£>0 s.t. F( 1 L L
et 2% ( {O'kizo}qéxpﬁiezhgi:ﬁr all suff. ‘ara& k.

A?-S on 5 randorm D,

A A

Lel‘: E{.(Gl) = F(X;L(xkla!)?ﬁ'Xo 166 be the Prob ervor in ML dwdv’ng 3l‘ven GT.
CML decoder knows Gr

Let Ei = fall DAGs § st R(§)<+4-¢}. o&eF.ofEk

72> P(1f%>4}#x) 2 E[RG) > ER@IGYEIPGIR) > (h-E)PGHE,) => PleE)> E; >0 frelk
ML 8
optima

Since {Eclyy, is a decreasing Ceguane. (as B e increasing in k), F(Gre (16 = i PGER) > 25 0. 7
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s What about d=2 ?
(':br d>3, we can nesled: lnfw’:s and exiskence of DAGs follows from d=3 case)

Z'Tlam. Let d=2, all racessv:? %&gmns aizvsnwli:ls be AND, all processi g functions ot odd levels
vandom be OR , and Ly >C(5) og(k)
b welel iy o 04,84 32 r.o .088.., then limsup F(ﬂ{%? t{;)}#") <7-
der.oder
Z) ¥ %(5(% then hm H@' P”En"‘n 0. biased maJorr{y

[ c,rl'bla-'ll Hm:s lﬂo{l‘l
Bt 2 holds For Ly = (c(

J,e_r.s on Lip. coretart a8 before

* Reﬂu!ar 2D Gwids - Impossib'nli%g of Bmaalcas-{jrﬂi

s Model : ZDaﬁd

wNB % .
bf:‘"’ o X &) Lo =1 A 2D 3r‘ud s a S‘)eLi'F!‘c DAG (determinishic).
ol = L=z All processin funchions with 2 |'npu'bs are the same.
ba*3 All Pmcess'm& funchions with 1 ;npu'b are the 'tdenﬂ' .
levd ke ] o ° o e o Lk= l<+|
Mo X e Xiier Xode

* Conjecture andms&nﬁ is Fmpossib[e Jor 2D 3r‘rds (as defned aboue) raaardfess oF the noise level S.

- Why?
® Random DAG view = one fixed Pomf: for all §€ (0,%) when d=2, Ly=k+l. (M:Ve)
Ly Proot of deterministic case i much morve difficult.

@ PCA view = I reconsbruction is possible in 2D grid, then 2D gfid is not er%odic.
This sua«aes-b; existence of 1D PCA with binary state space that is not ergedic..
(Known constructions reguire alot more stabes [Gaes 200(].)
So, 20 aricl should be e'aOd?c.
NL‘bG_.' PcA difterent from 2D grlo{ bemuse:

a) PCA uses weak convergence , while. we uge TV convergence,
b 2p Zn‘ol s a PCA w boW*Aana condiions. (PCP\ has sbmnau Sef;qm'lnoﬂ bebueen all zeros ard all ones
initial config.s )

e Thm: If all processmg functions are AND , or all are XOR, then hm ”&k—-&k "'rv O
r'egaralless & 86(0 %), oL mPoSS'H‘

e Prook of AND case: (Skeleh)

(D Monotone Markovian Couplmg_
Let {xu keN} and X : kew} be the Mavkov chains started ab X} = | and ¥%7=0, vespectively.

We “cun” these chaing on the same ﬁid& (%5, 5x8)=(05D)
~» Each BSC(S) erther copies beth X& ond » BSC
or ae,ne.rd:es the sdme Pmdc.f Jen-{;k" &—common
for both chadins.

Then, Yhj, Xf P Xig as. . [Check 5] R [continned.]
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"

Let each node of the grid be Y 2 (% %) e{%,h, 3.« (1,0) is not; reguived
(©,0) (R} )

oc a 1c i!\ 'thﬂ dlpi‘\ﬂbe—b
(BSC has mabix (A = g: (g‘i l-% ‘gs], and AND opem{:zs erbrywise
5 0 F

@ Reduction 4o Coupled Girid:

H&I- R& llwb%j(x‘#x‘:) = |- f(x|:=x£)
Since ({le= Kﬁ]-)gl‘";, increasing s tzm I PX:—PX';"_W £ 1= [P(gk, %= Xk),
So, it suffices +o prove that : P(A)=] Hor A£{3k, there are ro 175 in level k‘lg z {S‘k,x‘,‘_‘:x‘:}_

® Ovriented Bond Percolation: {DurreH: |984]

Velo ie‘l "

Remove gach edae wdeply wp 1=P>
Q/& or %‘;’; " pe fo-d. e open P“H"
let 33{3 infinibe oreanHn s{priinﬁabmo'b]" /; \‘

Ry = riakhvwsf: node index ab level k that Is connected to root; 4
1

La_: le.-FHnosb —_— for some vdhm
ae)>O

Thm: For phase dransition threshold Spercé('i’l):
wm e 2 l-ol‘g -
LAdE) and 77 ’z‘ll“)*‘-}* ;
A

) If p>§,;,_., then (B)>O and B(E:LBE*”

S~ measure depends
on

leve] —
k

P
2) Tf p<Sperc, -
) IF p<Sperc, then [R(8)=O. o
Case I: F:l-28<sfe,m (@ 5>l"sz_gm) {BC
© @ BSCC ies.
AL i o nodes connected 4o roet wirkh copies is ‘Fi";“?e})ﬂ.

By Thm part 2, P(B)= O ¢ P(ine
Sine BSoccurs as., there is a level whe

Hence, ()= 1.

© Case I: p=1-5> Spe (&> 5<1-Spocc)
- E«Jge open & BSC copies or ae_nera-lzs a O as
= Consider “left ealﬁe."aF 2D 8rial.
- Since BSCs on this s;'J:‘g\emmw
:’MO Wfs'p +there are i i&elg W\aﬂﬂ
Yio=0c on the left side. 7

re no BSCs cop Y = there is a

the new bit.
Yoo

e |-Each Oc has a set oF open - i’

Thw { conneched nodes belaw it, el e e ‘;ﬁ“ Mﬁk‘r\‘

Parti and the seb is 00 wp IF(B) >0. 'l } '"Gned??d- )
= ccz:\paneﬂt

-Since blocks oF'(O‘,mmezbedmoﬁ’“
are ind?em[am':, we almost surefg
have 1.504 with an imQ‘n’r{se open faﬂ-
connecbed Lo _it. (Borel-Cantelli)

- Similarla, gm s.b. Ymv\:Oc W% an ln‘Bnrh Ofe" PQ%

'E"d Thm part 1, the .
l“iah'bnosb paﬁ from
leFbmost poth From Yau.

- All nodes on these

farH'\S are Csand
a;" v;:lzs enclosedt
9 these Fuﬂ\s are
_ Ocor 1! P'g“"‘o;h'
© . When the meat, oben et

all nodes ab that level are not 4;s. Hence, IP(A) =}.

connected 4o £ a.s..

e-‘meebl

Ry valves

(S
o »,
e "
-

ik
k@ gﬂzﬂ

level k with no 1,5 (BCQA)

B
, Jepps

sale
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% Miscellaneous Notes:

® Evans- Schulman Estimate: [EVam-Schu/man l999] (c.-F. [Palganslu‘ﬁ-wa 20!7])
Consider a Bayesian networl on a DAG with one source nocdle X

Nobe:, Rr dhamel Ry,

su ;Y
for ang node W: we .rc!enf% W with the wmndom t/aridye at W. . QH(R/IX) Z_ggiyrf((;)
Let 7, “ﬂkt(f:u;m) , and for any faH\ 7€ =(Voy- :PQ, 711; = :h"’lv; .

cortagbion]” " parentrof w slarf end 2
Tz Ny (Rex) € 22w Fo¢ cvenyseb of modes V.
TC: X3V }paﬂ'h from X o V m(}exmorder‘

Procfs Ouder all rodes in the PAG (to thab ord(X)=0) ard the ordlering is consistent: with the topelogical
ordznna For a set of mdes V, let ord(V) = SU'P{OV‘d(W) wevs.

Suppose W>V. for & node W and setof nodes V, ie. ord(W) > ord(V).

{ Claim: "Lm_(ﬁq,le) £ My nltL(F!'/ pa(w)lX) + (l-—"lw) nkL(R”xﬁ

P Consider Markoy chain (—> X—=>(V,A) > Hor arbiburg U and A= pa(w)-v.
Given V, we shll have U—»X—>p—s .

Hence,  I(U;Wlv=v) & My (Ryaye,)T(Us AlV=Y) = T(UsWIV) €1 T(u; AIV).

< Mce(Ruppaen) [y definition]
Addmg I(; V) 4o both sides gives:
IU; w,V) < N, Z(U; V) + (1-1,,) T(U V)

=2 I(U;w,v)

BT Ig‘;:f A 4 (1) 20

= 'I""(PW»"'“‘) £ v e (B pgayix) + (1= M) e (Parx) 72
Ideckin The rest of preot follows ba S‘&vng induction on the ond() of sets of nodes,
hypothesis—>  Assume nKL(PVIx)< Z'l'x for every seb- of nodes \/ with ord(V) < k.

T XpY

Leb ord(W) =kH fr nede W. Then for ang V with od(V)&ky e have:
o) €k

m“—(P W':VIX) <" "lkl-(Rr pa(w)(x) + ("%)nl‘t(ﬁllﬁ
ond(W, V)= ks £, 2. M + (t-m) Z’l"
~ Xy Nw) TV
= N > M+ PR

TX»A 70XV

< N Z"lw + Zn-;r [as Pa(w)zA]

TXDpR() XDV

N Z"hr + Zn"_
XN
o Z’lﬂ' )
Tixem i,y ‘ l
Hence, the result s true for all seks of nodes V with ord (V) & ktl.
The proof is complete by induckion. 7

@ Evans- Schulman Estimate for Tr rees: [Emns—kewaon— Peres- Schulman ZCDOJ
Consuo‘e.v a broadcast tree wrl:h BSc(s)’s.

k
105 45) < 4 zs)"‘ (254
. ct L3 rms : Thm:  I(X3 XK)CIO(‘JX‘); Z (%3 %) < - 7 & cnn'{:m:aoﬂ
I'lodts ﬁf‘*daﬁﬂ" cnr\J. iid P aths e
Iwzll-_p S{rm sbuction]  gon %

a I
“°‘6Xk all paths rdepewfené So, ® (25Y4 <1, cconstruction 's imposs wble.
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- dbbrev- as Pch
(® Pebabilstic Cellar Adomabz: (1)

. sttes Z 5 R A 0.:5“;"'% e k
- stote space. S, [S|<e (%:_ S={o,|}) J)W( e
) w"&ﬁqrafﬁon Space Sz,(‘ﬁ;’;}tﬁom E:Z-DS) ° I% 4 -‘-k ke e oy
) d#mws& function £:571>5 (e #2MA3) com :f:a rFé:‘é’(x*‘):ie}f}) au . Dynamies
. nelahborhow' 4{ (e {"bO,l}) PaSsﬂis it ‘H\mua’) an indep- BX(S)
W[dfm 4:) sac‘; ‘Q(‘)L)_

Main Question: s a PCA e.rﬁoclic?

PCA defines a Markov process on SZ  For any initial confg

We sey a M & ma""d”'& measure 24 on SZ s.t. Vink. cnn'ﬁﬂ. g¢s% ;,Eﬁ-»z&as k>o00.
L weal converaence

i EGSZ, let uE be the ProL. measure on S abtime k.

Weak Convergence:
F;"'“S?‘, the ‘;‘—alsebm is defined as follows.
C= U {{Ees?z:’ffﬂkx,\}]xﬂesm'} é—cglimler sets

AcZ,
lalcw

o(C) is the a’-a.laebm on S7.
83 Dan'le”"Kolm (-] theorem,
{Pe'_ﬁ /Un,/v. measures 0“(8"'.0‘(5))‘

Hn Lo &> Ve, Jim, pn@) = m(C).

z
consistert Finte-dim mavsinals defined on G Mniguelg determine measure on s<

+o converaembe

« £ Sabe-dim distribubions

} weak convergence cowesPonds

Note: /J,\-:‘-)/A = VCCC’, E:’N)Jn(C) :ﬂ(c)
i@ &> i Lpnpb

lm

sup l
re00  Aco@)
i.e. weak convergence > TV convergence.

For oy PcA with specia' charactenstics , ertaoc’ia"fg wn
dist.s over Finite inberwds (eg- single sites) .

be determined bg comerae/nce of

me



